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1 Introduction 



A revival of the interest to the de Sitter (dS) and anti-de Sitter (AdS) spacetimes was provoked re- 
cently, on the one hand, by cosmological observations on accelerated expansion of our universe, and, 
on the other hand, by investigations on AdS/CFT correspondence. These spacetimes of constant 
curvature are vacuum solutions of the Einstein equations with positive and negative cosmological 
constants. In a limit when the velocity of light c tends to infinity while cosmological constant A 
tends to zero but keeping c^A finite, the symmetries of dS and AdS spacetimes become what are 
called the Newton-Hooke (NH) symmetries, which in a flat limit reduce to the ordinary Galilei 
symmetry [H El El HI El El E] . 

In a general case of D dimensions the Galilei and NH groups admit an extension with a one 
central charge, while in a special case of 2+1 dimensions, they admit an exotic, two-fold central 
extension [HI El \TU[ H]. The central extensions are related to a nontrivial Eilenberg-Chevalley 
cohomology of the corresponding Lie algebras. The exotic (2+l)D Galilei symmetry recently has 
attracted the attention in the context of research on non-commutative geometry and condensed 
matter physics [HI [121 El HH [151 ttSl [171 [I8l [I9l [20] . It is a symmetry of a free relativistic particle 
in a non-commutative plane, which appears from a (2+l)D theory of relativistic anyons in a special 
non-relativistic limit [13 1 115 [ [TB]. Surprisingly, until now, the exotic Newton-Hooke symmetry has 
not attracted much attention. 

The present paper is devoted to investigation of classical and quantum aspects of the (2+l)D 
exotic Newton-Hooke (NH) symmetry. We start by constructing the exotic NH3 algebra as a 
contraction of AdSs algebra. We then construct a particle system with the (2+l)D exotic NH sym- 
metry by the method of nonlinear realization, and analyze its dynamics and constraint structure. 
We quantize the system in a reduced phase space, and show that the model has three essentially 
different phases depending on the values of the two central charges. The subcritical and supercrit- 
ical phases describe 2D isotropic ordinary and exotic oscillators, whose spectra are characterized, 
respectively, by additional S0(3) rotational and S0(2,l) Lorentz symmetry. These two phases are 
separated by the critical phase corresponding to a one-mode oscillator, and are related by a duality 
transformation. We demonstrate that in the flat limit the system transforms into a free Galilean 
exotic particle on the noncommutative plane. For the obtained system we construct wave equations 
carrying projective representations of the exotic Newton-Hooke symmetry. We find the projective 
phase related to the nontrivial cohomology of the exotic NH symmetry, which, being associated 
with quasi invariance of the Lagrangian under finite NH transformations, guarantees invariance of 
the wave equations. We also discuss shortly some possible applications and generalizations of the 
exotic Newton-Hooke symmetry. 

The paper is organized as follows. In Section [21 the exotic NH3 algebra is obtained by a 
contraction of AdSa. In Section [3] various forms of a classical Lagrangian for a particle with exotic 
NH3 symmetry are constructed. In Sections [H [5] and [6] we analyze classical dynamics of the system, 
its constraints, realization of exotic Newton-Hooke symmetry, and a manifest additional symmetry 
depending on the phase. In Section [T| we quantize the system in the reduced phase space. In Section 
[8] we discuss duality transformations. Wave equations for the system are constructed in Section 
[HI where we also discuss the flat limit. In Section [10] we compute the projective phase related 
to the nontrivial cohomology. Section [TT] is devoted to the discussion and outlook. In Appendix 
we compute a non-trivial Eilenberg-Chevalley cohomology for the Newton-Hooke group in 2+1 
dimensions. 
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2 Exotic NH3 as a contraction of AdSs 

The AdSs algebra is given by 

[M^i., Mxa] = i iVf^xMua - Vf^aM^X + VuaM^x - VuxMf,^) , (2.1) 

[iVV, Px] = i iVt^xPu - riuxPf.) , (2.2) 

[Pt.,Pu] = -i^M^,, (2.3) 

where /i = 0,1,2, rj^i, = diag{— ,+,+). If we define M^3 = RP^, the AdSs algebra takes a form 

of the 50(2,2) algebra. To perform the non-relativistic contraction, rewrite ()2.ip - (j2.3p in the 
decomposed form {fi = 0, z; i,j = 1,2, ei2 = 1), 

[Po,Mi2]=0, (2.4) 

[Po, Mo,] = iPi, [Po, Pi] = -i^Mo,, (2.5) 

[M12, Pi] = ieijPj, [M12, Moi] = ieijMoj, (2.6) 

[Moi,Pj] = -i6ijPo, [Moi,Moj] = -ieijMu, (2.7) 

[Pi,P3] = -i^ei,M^2, (2.8) 
and then replace the radius R and the AdSa generators for the rescaled quantities, 

P° = -Po -^u}Z + -H, Moi ujKi, M12 ^ oj'^Z + J, R^ ojR. (2.9) 

We introduce two new generators Z and Z that have a nature of central charges because the 
unextended NH3 algebra has a non-trivial Chevalley-Eilenberg cohomology group for differential 
forms of degree two, see Appendix. Taking a limit u; — >■ 00, we get the exotic NH3 algebra with two 
central charges, 

[^,J]=0, (2.10) 

[H,K,] = -in, [H,Pi] = i^K„ (2.11) 

[J, Pi] = ieijPj , [J, K,] = ieijKj , (2.12) 

[K„ Pj] = i6ijZ, [K„ Kj] = -ie^jZ, (2.13) 

1 

w 

This algebra was considered before in [H [5] . In the flat limit P ^ 00 it transforms into algebra of 
exotic Galilei symmetry [8l [9l |T0] . 

The quadratic Casimirs of NII3 can be obtained from the two AdS3 quadratic Casimirs 

Ci = -P^P^ + ^M^,M^^^ = P2 - p2 - P| + -1(J2 - J2 _ j|), (2.15) 

C2 = -P^J^ = PoJo - PiJi - P2J2, (2.16) 
corresponding to the two SO(2,2) Casimirs MmnM"^^ and £mnis 

M"""M'^ where 

J^. = \e^.xM''^ (2.17) 



[P^,Pj] = -i-S,ei,Z. (2.14) 
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with eoi2 = +1- Note that we should consider Ci and as Casimirs of the same dimension. If 
we perform the contraction (j2.9p . the finite part of the expansion gives 

Ci = 2(^ZH + ^Z?j -Pf- ^Kl (2.18) 

C2 = -ZJ - ZH- eijPiKj. (2.19) 

It is convenient also to present the NH3 in another, chiral basis. It's existence is rooted in the 
algebra isomorphism 

AdSs ~ S0{2, 2) ~ S0{2, 1) © S0{2, 1) ~ AdS2 © AdS2. (2.20) 

Defining 

J^ = l{Jf^TRP^.), (2.21) 



we get the equivalent form of AdSs algebra, 

[J±, J±] = ze^/ [J+, J-] = 0, (2.22) 

with two Casimirs 

C± = v^-^Jp^ = Jt' + - Jf. (2.23) 

Note that here R is hidden in definition (I2.2ip . In correspondence with the non-relativistic con- 
traction realized in the non-chiral basis, we replace 

^ -uj^Z^ + Jf ^ ujj^, (2.24) 

and take the limit to ^ oo. As a result we obtain the exotic NH3 algebra in the chiral basis 

[Jt.jf] = ie^JZ^. [J^.Jt] = ^^^.Jf^ \Gt. G-^\ = 0, (2.25) 
where = Z^^J^^J^. The quadratic Casimirs are 

= jf^ ^2Z^J^. (2.26) 

In correspondence with decomposition (I2.20|) . we find that two- fold centrally extended NH3 algebra 
is a direct sum of two centrally extended NII2 algebras obtained by a contraction of corresponding 
AdS2 chiral components. Note that usual Newton-Hooke algebra in d dimensions NH^^ has only 
one central extension, Z . 

The relation between generators in the chiral and non-chiral bases is 

J± = ^(J±i?F), = \^(eijK^^RPi), Z^ = -^(^Z±RZy (2.27) 

3 Classical Lagrangian for a system with exotic NH3 symmetry 



To construct a Lagrangian for the exotic NH particle by the method of non-linear realization [21] , 
we should choose a suitable coset ^. In our case Q is the double extended NII3 and H is the 
rotation group in two dimensions. Locally we can parametrize the elements of the coset as 

g = e-^-^^° e^^'^' e'^^'"' e'^" e''^^. (3.1) 
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The (Goldstone) coordinates of the coset depend on the parameter r that parametrizes the world 
Une of the particle, see for example [221 123j. The Maurer-Cartan one-form is 

n = -ig~^dg = -LhH + VpPi + V^K^ + LjJ - LzZ + L^Z , (3.2) 



where 



Lh = dx"^, Lp = dx' - v'dx^, LV = du* + — r Lj = 0, 

Lz = -de - v'dx' + ^dx° + dx°, 

= -de - ^e,j (^v'dv^ + -^x'dx^ - -^xVdx^^ . (3.3) 

The one-form (j3.2p satisfies the Maurer-Cartan equation dQ + iQ = 0. 

The Lagrangian is obtained as a pullback of a linear combination of nonzero one- forms invariant 
under rotations, Lh, Lz, L^, 

C = fix° + m (^c + v'±' - - j^x^^ +^(^5 + ^eij (v'v^ + '^^'^^ ~ ;^^*^^*°)) ' ^^''^^ 

where fi and m are two parameters of dimension R^^ while parameter k is dimensionless. If further 
fix the diffeomorphism invariance by choosing t = x^ = t and discard total derivative terms, we get 

/ v"^ x'^ \ 1 f 1 2\ 

Cnc = rn IviXi ^ j -I- -Keij iviVj + j^XiXj — j^XiVj j . (3.5) 

For the analysis of the dynamics and subsequent quantization of the system, it is more convenient 
to use another form of Lagrangian which can be obtained via a simple change of variables and 
parameters 

Xf = Xi±ReijVj, (3.6) 

In their terms Lagrangian (|3.5|) rewrites 

= £+ + £- = + ^Xf^ - (-e,,X-X- + ^Xr'^ . (3.8) 

Coordinates X^ have a sense of chiral modes of the exotic NH particle. Non-chiral, Cnc, and chiral, 
Cch, forms of Lagrangian coincide up to a total time derivative term, 

Cnc = Cch + ^^C, AC = ^XiVi = ^eijX:^Xr, (3.9) 
at Z 4x1 



which has been omitted when we passed from (j3.5p to (j3.8p . but will be important in quantum 
theory. 

Lagrangian (|3.8p can also be obtained by the method of nonlinear realization from the chiral 
form of exotic NII3 algebra ()2.25p . In this case the elements of the coset are parametrized as 

5 = 5V, (3.10) 

with 

Note that there is only one time evolution variable x^ for these chiral sectors. Difference in signs 
in exponents with x^ originates from the relation H = (^7+ — J^)/R. 
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4 Classical dynamics 



Variation of Lagrangian (13. Sp in Vi and Xi gives the equations of motion 

m{xi — Vi) + KCij {vj + R~'^Xj) = 0, (4.1 

£jj {Xj 

They can be presented in an equivalent form 



mivi + R "^Xi) - R '^eij{xj - vj) = 0. (4.2) 



(xi - Vi) + pReij [vj + R ^Xj) = 0, (4.3) 
{±i - Vi) + p-^Reij [vj + R'^Xj) = 0, (4.4) 



where 



For 7^ 1, the parameter transformation 



P ^ (4.6) 
provokes a mutual change of equations ()4.3p and ()4.4p . These equations imply 

Xi-Vi = Vi + R~'^Xi = ^ Xj + -^Xi = 0. (4.7) 

The system looks like a planar isotropic oscillator in both cases < 1 and > 1. We shall see 
that in the latter case, however, it is characterized by some exotic properties. 

At critical values p = e, e = ±1, which separate subcritical, p'^ < 1, and supercritical, p^ > 1, 
phases, Eqs. (|4.3p . (j4.4p reduce to only one vector equation 

{xi -Vi)+e Reijivj + R~'^Xj) = 0. (4.8) 

This reflects a gauge symmetry appearing in the system in the critical phase = 1, 

6aXi = ai{t), 6aVi = eR~^eijaj{t). (4.9) 

The picture becomes more transparent if we consider the dynamics in terms of chiral coordinates 
(I3.6p . In the noncritical case transformation ()4.6p assumes a change mR k, that corresponds to 
a transformation 

p± ^ ±p±. (4.10) 

Lagrangian ()3.8p is invariant under transformation ()4.10p accompanied with a complex coordinate 
transformation 

X;^iXr. (4.11) 

The appearance of the pure imaginary factor i in transformation ()4.1ip is related to some peculiar 
properties of the supercritical phase p^ > 1 to be discussed below. Here it is worth noting, however, 
that transformation ()4.10p . (14. lip is not a usual (discrete) symmetry of the system since it involves 
the change of the parameters. Moreover, transformation (j4.1ip itself belongs to a broad class 
of similarity transformations — > '^'^X^ , X~ — > X^ , where 7^ are numerical parameters, 
which leave invariant equations of motion but change Lagrangian. Such transformations cannot be 
promoted to symmetries at the quantum level, see Ref. [24] for the discussion. 
For p^ ^ 1 equations of motion generated by Lagrangian (j3.8p are 

Xt ± \^vXf = 0. (4.12) 
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The coordinates and X- have a sense of normal modes reahzing 'right' and 'left' rotations of 
the same frequency R^^ , 

Xf{t) = Xf{0) cos R-^t T e^jXf (0) sin R-^^t. (4.13) 
The evolution of Xi and Vi is a linear superposition of these two rotations, 

X, = i(X+ + X-), V, = ^e,,{X~ - XI). 

In the critical case p = 1 {p = —1) m accordance with Eq. ()3.7p we have /i_ = (/i+ = 0). 
The chiral coordinates X^ i-Xf) disappear from Lagrangian (j3.8p transforming into pure gauge 
variables. This corresponds to a reduction of equations (14. 8p in the non-chiral basis at p = e. 

Eq. (|4.12p obtained by variation of (j3.8p in X^ , can be rewritten as X^ =p Re^jX^ = 0. The 
coordinate Xf^ can be eliminated in terms of velocity of ,j ^ i. Therefore any fixed component 
of the vectors X^ and X^ can be treated as an auxiliary variable. If we choose i = 2 for both 
chiral modes, substitute 

X^ = tRX^ (4.14) 
into Lagrangian, and omit the total derivative term, we get an equivalent form for the Lagrangian, 

C = i/i+i? ((X+)2 - ±xf^ + \p^R ^iX^f - j^X^'^ . (4.15) 

This form of Lagrangian shows explicitly that the system is a sum of two harmonic oscillators of 
the same frequency, but it hides a 2D rotation invariance of the system. 

It is worth noting that the equation Vi = Xi is generated by variation of Lagrangian (13. 5p in 
some linear combination of Vi and Xi, but not in Vi itself. If we try to substitute this equation into 
(j3.5p . as a consequence we get a higher derivative Lagrangian for which will produce equations 
of motion for Xj to be not equivalent to those in ()4.7p [25]. 

5 Constraints 
5.1 Non-chiral basis 

System (j3.5p has two pairs of primary constraints 



Hi = TTj + '^eijVj K 0, (5.1) 



Vi = Pi- mvi + :^eijXj « 0, (5.2) 



K 

2R^^ 

where pi and vTj are the momenta canonically conjugate to x* and w*. Constraints (|5.ip satisfy 
relations 

{ni,nj} = Keij, {Vi,Vj} = -^^ij, {n^i,Vj} = m5ij. (5.3) 
Determinant of the matrix of Poisson brackets of the constraints, Aab = {4>a, (pa = (J^i, Vi), is 

detvl = m^(l -/>2)2. (5.4) 



In non-critical case the matrix is non-degenerate, and (jS.ip . (j5.2p form the set of second class 
constraints. At = 1 the matrix degenerates, there are first class constraints which we will 
analyze separately. 
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Canonical Hamiltonian corresponding to non-chiral Lagrangian ()3.5p is 



Adding to it a linear combination of primary constraints and applying the Dirac algorithm, for the 
non-critical case we get a total Hamiltonian 

/ 2 

TTiXi Til I 2 



{H, nj = Vi, {H, V,} = -^Ui. (5.7) 

The following linear combinations of the phase space coordinates, 

K 1 

'Pi = Pi - -^^ijXj, ICi = mxi-TTi + -KCijVj, (5.8) 

have zero Poisson brackets with constraints (|5.1|) and (|5.2p . These are observable variables which 
satisfy relations 

{'Pi,'Pj} = {^i,'Pj} = m6ij, {/Ci,/Cj} = -Keij. (5.9) 



For K ^ constraints (|5.ip form a subset of second class constraints. Reduction on their surface 
allows us to express VTi in terms of Vi, and results in nontrivial Poisson-Dirac brackets 



{xi,pj} = 5ij, {vi,Vj} = --Cij. (5.10) 



In terms of these brackets. 



2 

m 



{V,,V,} = - — {l-p')e,,. (5.11) 

In correspondence with (j5.4p . for (? ^\ constraints (|5.2p are second class. At = 1 they are first 
class, and dimension of a physical subspace is less in two in comparison with a noncritical case. For 
^ 1, subsequent reduction to the surface of second class constraints ()5.2p excludes the variables 
Vj, and for independent reduced phase space variables Xi and -pi we get 



m"' 1 — 1 — 4k; 1 — 



Dynamics is generated by the reduced phase space Hamiltonian 



1 / K \2 ?Tl ,^ 2\ 2 



being a restriction of the total Hamiltonian (j5.6[) . to the surface of the constraints (j5.ip . (|5.2p . 

From the explicit form of Hamiltonian (I5.13P it is clear that the subcritical, < 1, and 
supercritical, p^ > 1, cases are essentially different: in the first case energy has a sign of a parameter 
m, while in the second case it can take both signs. 

Note that the symplectic structure of the reduced phase space (|5.12p has a form similar to 
that for the Landau problem in the noncommutative plane [12|, I17j . In the flat limit i? — > oo, 
the symplectic structure and Hamiltonian (j5.13p take the form of those for a free particle on the 
noncommutative plane, which is described by the exotic Galilean symmetry with non-commuting 
boosts [TBI. 
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5.2 Chiral basis 

In the chiral basis, the system with Lagrangian (|3.8p is described by the set of constraints 

xt = P^^ + « 0, (5.14) 

X- = P-- \^^-e^,XJ « 0. (5.15) 

Here are the momenta canonically conjugate to , 

1 / 1 

3± / „ch I , „c/i 



Pt = - [pT ± -6.,^f j . (5.16) 

The momenta pf^ and T:f^ canonicahy conjugate to Xj and Vi are related to the corresponding 
momenta for non-chiral Lagrangian (j3.5p by the canonical transformation 



Pf =Pi- "^v,, 7rf = vr, - (5.17) 

associated with time derivative shift (j3.9p . 
Nonzero brackets of the constraints are 

{xt,xt} = ^^+e^J, (5.18) 
{Xi,Xj} = -l^-eij. (5.19) 

In the noncritical case 7^ 1, these are two sets of second class constraints. When fij^ = 
(;U_ = 0), the constraints xf {x^) change their nature from the second to the first class, taking a 
form xt — ~ (xr — ~ 0)- degrees of freedom corresponding to the '+' 

('— ') mode are pure gauge, that reflects disappearance of the corresponding term Cj^ (>C_) from 
Lagrangian (jS.Sp . 

Canonical Hamiltonian corresponding to the chiral Lagrangian (jS.Sp is 

H,an = ^ [t^+Xf + ^l^Xf) . (5.20) 

Define a total Hamiltonian H = Hcan + ufxf + '^Tx^ ■ A requirement of conservation of constraints 
fixes multipliers, uf = ^-^eijXp, and gives 

H = ^e,,{X+P+-XrP7). (5.21) 

This Hamiltonian reproduces Lagrangian equations of motion for chiral coordinates (|4.12p . 
Independent variables (observables) commuting with constraints are 

A+ = - ^M+ei,^;, Ar = pr + i/._e,,Xr, (5.22) 

{Xf,xf} = {\r,xf} = 0. (5.23) 
They have brackets similar to the brackets of the constraints, 

{A+, A+} = {Ar, XJ} = p_e,„ {A+ XJ} = 0. (5.24) 
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Reduction to the surface given by ()5.14p (when fj,^ ^ 0) and/or (|5.15p (when ^_ / 0) results 
in exclusion of the momenta P.^ and/or Pf. Nontrivial Dirac brackets are 



1 



= — (5.25) 



Y+\ _ _ 

{Xr,Xr} = —e,^, (5.26) 



and reduced phase space Hamiltonian 

^* = ^ (z^+^r + ^-^r j (5.27) 

coincides with the form of canonical Hamiltonian (|5.2U|) . In correspondence with non-chiral picture, 
for subcritical case < 1, /x± > for m > and /i± < for m < 0, and energy takes values of the 
sign of the parameter m. In the supercritical case > 1 the constants /i+ and /x_ have opposite 
signs, and energy can take values of any sign. 

6 Symmetries 

6.1 Classical exotic Newton-Hooke symmetry 

Lagrangian (|3.5p is quasi-invariant under transformations generalizing Galilean translations and 
boosts, 



'j^ = Xi + ai cos R ^t, v[ = Vi — aiR ^sini? ^t, (6.1) 



x'i = Xi + PiR sin R-H, v'^ = Vi + Pi cos R'H, (6.2) 



and is invariant under rotations and time translations, 



x'j^ = Xi cos if + eijXj sin ip, v[ = Vi cos ip + eijVj sin 99, (6-3) 

t' = t-j. (6.4) 



Newton-Hooke translations (j6.ip and boosts (j6.2p are related via a time translation: the former are 
transformed into the latter via a shift t — > t—^R accompanied with the change of the transformation 
parameters Qj RPi- 

These symmetry transformations are generated by the vector fields 

Xp=cosR'^t- R-^suiR-^t—, Xk = Rs\iiR~^t- VcosR'^t—, (6.5) 

OXi OVi OXi OVi 

^. = 6.,(x,^ + .,A), ^H = -|. (6.6) 
The algebra of these vector fields is 

[^H,^K,] = -Xp^,, [Xh,Xp^] = +^Xk,, [Xk,,Xk^] = 0, [Xp^,Xp^] = 0, (6.7) 

['^i^'i ) '^Pj ] = 0, [Xj,Xp.] = CijXp^, [Xj,Xk,] = €ijXKy (6.8) 

There are no central charges in this realization, and it coincides (up to the factor i) with the algebra 
of Section 2 but without central charges. 
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In correspondence with Eqs. ()6.ip . (j6.2p . in chiral basis Newton-Hooke translation and boost 
transformations have a form 

X^', = Xf + af{t), (6.9) 

where 

af{t) = Af.{aj±RejkPk), (6.10) 

^tji^) = ^ij COS =F e^i sin (6.11) 
The A^(t) are rotation matrices, Ajj(t) G 5*0(2), and the af{t) defined by (|6.10p satisfy equations 

afit) = T^^ijafit). (6.12) 
In terms of variables (j5.22p the generators of Newton-Hooke translations and boosts are given 

by 

n = A+A+(t) + A-A7.(t), K, = R (xjAj,{t) - A+A+ (t)) e^i- (6.13) 

Due to Eq. (I5.23p . the set of chiral constraints is invariant with respect to these transformations, 

{P,,xf} = {Ki, xf} = 0. (6.14) 

Angular momentum generating rotation symmetry is 

J = e,,iX+P+ + XrP7). (6.15) 

Note a similar structure which have angular momentum (j6.15p and total Hamiltonian (j5.2ip . Rela- 
tions (I6.14P and {J, xf } = ^ijxfi {H, xf} = ^^^ijxf explicitly show the invariance of the physical 
subspace given by the constraints (j5.14p . ()5.15p under the Newton-Hooke transformations. 

In the reduced phase space described by variables X^ and X^ (when p"^ / 1) with symplectic 
structure (|5.25p . (|5.26p . the angular momentum is 

J = ^ (^1,+xf - /i_Xr^) , (6.16) 

cf. (fOO]) . 

The integrals of motion H, J, Pi and Ki generate the algebra, 

(6.17) 

(6.18) 

(6.19) 
(6.20) 
(6.21) 

This is a classical analog of the exotic NH3 algebra (j2.10p - ()2.14p with parameters m and /t playing 
the role of the central charges Z and Z, respectively. Making use of the explicit form of integrals 
H, J, Pi and Ki, one finds that on the constraint surface the Casimirs (j2.18p and (j2.19p take zero 





{H,J} 


= 0, 




{H,Ki} 




{H,Pi] = 






— f P 


{J,K,] = 


f K 


{K^,Pj} 


= mdij, 


{K^,K,}-- 


— H^ij , 



11 



values. As a result, in the non-critical case the Hamiltonian and angular momentum are represented 
in terms of NH translations and boosts generators as 



(6.22) 



(6.23) 



The linear combinations of Pi and Ki corresponding to chiral generators (j2.27p are given here 
in terms of variables A^, 

= TRXfAp). (6.24) 

The equations 

guarantee that they are integrals of motion, ^J^^ = — h {J^^^,H} = 0. Note also that on the 
constraint surface (|5.14p . (|5.15p these integrals can be presented in the form 

Jt = R^i±eijXf{0). (6.26) 

Together with J'^ = ^(J it RH), where H corresponds to the total Hamiltonian, integrals ()6.26p 
generate classical analog of the exotic NH3 algebra (j2.25p in the chiral form, in which 

Z+ = -R^iJ+, Z- = R^n^. (6.27) 

In the critical case corresponding to p = 1 [p- = 0) or p = — 1 (/i+ = 0), the symmetry of the 
system is reduced to the centrally extended NH2 algebra generated by , and Z+, or by ^ 
J~ and Z~ . Here the Hamiltonian and angular momentum on the one hand, and translations and 
boosts generators on the other hand are linearly dependent, 

^_ = : H = R-^J = ^Pf, Pi = -R-hijKj, (6.28) 

= : H = -R-^J = —Pi, Pi = R'^iiKi. (6.29) 

2m 

Note that the sign of H is defined by the sign of the mass parameter m. 

In the non-chiral basis the generators of Newton-Hooke translations and boosts are given in 
terms of observable variables (jS.Sp . 

Pi = Vi cos 4 + 4 ' Ki = ICiCos^ - RVi sin ^ , (6.30) 

R R R R R 

while the angular momentum is 

J = eij{xiPj + ViTTj). (6.31) 

Together with total Hamiltonian (j5.6p they generate classical algebra (j6.17p - (|6.2ip . 

In the reduced phase space with coordinates Xi, pi, integrals Pi, Ki and J take the form 

Pi = Vi cos 4 + sin ^ , Ki = K,iCos^- RVi sin ^ , (6.32) 
R R R R R 

= ^ (( + - (1 - P'^^^i) ' (6-33) 

where 

iCi = mxi ^1 - ^p^^ + -^^ijPj- (6-34) 

Together with Hamiltonian (I5.13P they satisfy the same classical algebra (|6.17p - (l6.2ip with respect 
to the reduced symplectic structure (|5.12p . 
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6.2 SO(3) and SO(2,l) symmetry 



Let us now show that our system has an additional symmetry. For the chiral Lagrangian this 
additional symmetry is manifest, its explicit form depends of the phase we consider. 
Define the dimensionless (rescaled) coordinates 



In terms of these coordinates the chiral Lagrangian is written as 



Ya 



where 



V 



^AB 



V 



(6.35) 



(6.36) 



(6.37) 



£± are the signs of and the matrices i] and Vl satisfy the relations rj^ = 1, = —Vi, Oil = — 1. 
The potential term is invariant under transformations Y — > OY , O^tjO = r], which are the S0(4) 
rotations in the subcritical case with e+e_ = +1, and are the pseudo-rotations SO(2,2)~AdS3 in 
supercritical sector characterized by the relation e-|_e_ = —1. On the other hand, the first, kinetic 
term is invariant under the Sp(4) transformations with symplectic metric 0, 1" — > CY, C^QC = Q. 
The symmetry of Lagrangian corresponds to the intersection of S0(4) (or, SO(2,2)) and Sp(4). 
Considering an infinitesimal transformation 6Y = toY, we find that the constant matrix uj has 
to satisfy equations ui'^rj + rjui = 0, ui'^Q + ^uj = 0. A simple analysis of these equations with 
subsequent application of the Noether theorem results finally in the set of the four integrals of 
motion which are H, J and 







{P2X2 




1 














^1^1 - ^2^2) 



P2 + X2 Pi 



On the surface of the constraints (|5.14p . (|5.15p these two new integrals take a form 



{X1X2 +x:^Xi ), I2 



{X2X2 



X+Xi 



(6.38) 



(6.39) 



(6.40) 



In subcritical case integral Ji generates 2D rotations in the planes (Yijls) and (12,^4)7 while 
I2 generates rotations in the planes (1^1,14) and (12,13). In supercritical case the 2D rotations 
are changed for 2D Lorentz transformations in the same planes. Being time-independent, these 
integrals commute with the Hamiltonian, {H, Ii} = {H, I2} = 0, and together with rescaled angular 
momentum 



1 



J 



they generate the Lie algebra 



e+£-h 



{h,h} 



{l2,h}=h. 



(6.41) 



(6.42) 



In subcritical case (|6.42|) is identified as a classical rotation symmetry algebra so(3), while in 
supercritical case it is a Lorentz algebra so(2, 1). Note also that the brackets of the integrals Ii^2 
with the Newton-Hooke translation and boost generators are reduced to some linear combinations 
of the latter. 
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7 Reduced phase space quantization 

In correspondence with classical relations (j5.25p . (j5.26p . in subcritical case < 1 with //+ > 0, 
> 0, one defines two sets of creation-annihilation oscillator operators 



a+ = y^-^{X+ + iX+), a^ = y^(Xf + = (a±)^ (7.1) 

[a+,a+] = l, [a_,aL] = l, [a+, a_] = [a+, aL] = 0. (7.2) 

We put here parameters /i± under the modulus sign having in mind further generalization. Let us 
construct Hamiltonian and angular momentum operators fixing the symmetrized ordering in (|5.27p 
and (I636D . We get 

H = ( at a-i- + a^a_ + 1 ) , J = aLa+ — a^o_ . (7.3) 



Quantum system is an ordinary planar isotropic oscillator of frequency R ^. Quantum Newton- 
Hooke chiral operators J7j^ are constructed via (|6.26p . (|7.ip and relations inverse to ()4.13p . 

= {e~^'^'\i + e^*«-^a+) , J,^ = -^R^ (e^^^-^a^ - e^'^-\^) , (7.4) 

J- = iR^ (e-''^-\l - e^*^"'a_) , = (e-^*^"'aL + e'*^"'a_) . (7.5) 

They form the exotic NH3 algebra from Section 2. Energy takes positive values, -En+,n_ = R^^{n-\- + 
n_ + 1), while angular momentum can take values of both signs, jn+,n- = — n_, where n± = 
0, 1, . . . are the eigenvalues of the number operators N± = a^a±, N±\n^,n-) = n±\n^,n-). 

In subcritical phase < 1 with p^ < 0, /i_ < 0, the operators and a_ are realized as in 
(j7.ip with the substitution <-> X2 , ^ X2 . This provokes the change of global signs in 
Hamiltonian and angular momentum, 

H = -R'^ (a+a+ + + l) , J = -a+a+ + a'_a^ . (7.6) 



In the supercritical case p > I {p+ > 0, p- < 0), operator a+ is defined as in (|7.ip while a_ is 
obtained via the substitution X^ ^ X2 ■ Here 



H = R ^ [a\a+ - oLa^j , J = a\a+ + aLa_ + 1. (7.7) 

This is an exotic oscillator with interchanged Hamiltonian and angular momentum. Energy can 
take positive and negative values, En_^,n- = R^^in^ — n^), n± = 0, 1, . . ., and is not restricted 

from below. Angular momentum Ccin tctlcG only positive VctluCS, jnj-,n- 

= n+ + n_ + 1, i.e. the both 

modes are 'right'. 

In the supercritical case p < —1 (/U+ < 0, ^_ > 0), the role of the modes is changed: the energy 
for the mode X^ is negative, while for X^ is positive. In this case a_ is defined as in (j7.ip . while 
a+ is realized via the change X^ ^ X2 ■ As a result, 

H = R-^ (^-ala+ + ala-^ , J = - (^a^a+ + ala_ + l) . (7.8) 

We have, again, an exotic oscillator, but now with both modes to be 'left'. 
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The expressions for Hamiltonian and angular momentum for all four cases can be unified as 

H = R^^ ^e+a^a+ + e_a^a_ + + ^-)^ , J = e+a+a+ — e_ala_ + — ^-), (7.9) 

where £± = sign fi± . 

The boost and translation generators are given in terms of the chiral integrals, 

K^ = -e^, [Jt + J,-) , P^ = -\i (^.^ " > (7-10) 



which can be presented in a compact form generalizing ()7.4p . (j7.5p for the case of arbitrary signs 

of fl±, 



j; = Hy-' (^+y+^/^i?V 2 - i-iye^e-^'^-'a^) , (7.11) 



J^- = (i)^- (£_)^-i/2^^^ (^g-ie_iii-^t_ ^ (_i)i^_e--t^-^„_) , (7.12) 

where we imply (—1)^''^ = i. 

The ladder operators /_|_ = /i + i/2 and /_ = l\_ of the additional S0(3) (e+S- = +1), or 
S0(2,l) (e+ff- = —1) symmetry, 

[/+, /_] = e+e-ih, [I3, I±] = ±il±, (7.13) 

corresponding to complex combinations of the classical integrals (j6.40p are given by 

e+e_ = +1 : h + ie+h = a+a_, (7.14) 

= — 1 : /i + ie+/2 = ia^al. (7.15) 

In the critical phase with /i_ = we have a one-mode oscillator with En^ = e+i?^^ [rij^ + ^) , 
in+ = (f^+ + I)) while for = we have En_ = £-R~^ {ji- + ^) , j„_ = — e_ (n_ + i). The 
generators of the corresponding centrally extended NH2 symmetry are given, respectively, by Eq. 
()7.1ip or (|7.12p . and by Eq. (j7.9p if we put in the latter the parameter e_ or e_|_ equal to zero. 



8 Duality 

Let us clarify the relation between the sub- and super-critical phases in the light of duality trans- 
formation, which can be presented in three equivalent ways, 

p — > p~^; mR <-> k; ^J'± ^ i/^i- (8.1) 

The duality induces a mutual transformation between the sub- and super-critical phases, and 
between two critical phases given by /i+ = 0, ^_ < and ^+ = 0, //_ > 0, while it leaves 
invariant the critical phases with /i_ = 0, see Figure 1. In accordance with Eqs. (j7.9p - (j7.12p . 
duality transformation (|8.ip induces the transformations 

J ^ RH, (8.2) 

Pi - Pl = ^{{Pi+P2) + {-iyR^\Ki + K2)), (8.3) 
Ki ^ Ki = ^{{-iy+\K^-K2) + RiP2-Pi)). (8.4) 
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|i+=0 



|i-=0 



|i+>0, |i-<0, P >1 

H=(+ -),;=(++) 



duality 



\i+<0, [L-<0, P <1 
H=(- -), J=(-+) 



duality^^ 



/ 

|i-=0 



|a+>0, |i->0, P <1 
H=(+ +), J=(+ -) 



|i+<0, )i->0, P >1 
H=(- +),J=(- -) 



\ 

|^+=0 



Figure 1: Phases and duality. 



In terms of chiral integrals (j2.27p . these transformations are equivalent to 

J±^±J±, Jt^Jt^ J{^J2^ J2^Ji- (8-5) 



Having in mind also (16.270 . we have 



±Z^. (8.6) 



Using relations (jS.Sp . (|8.6p . we conclude that the duality does not change the algebra (12.250 of 
integrals of motion, and so, it is an automorphism of the exotic Newton-Hooke algebra. 

On the other hand, the sub- and super-critical phases are essentially different from the viewpoint 
of the structure of the energy and angular momentum levels. In correspondence with (j7.9p . the 
energy levels and angular momentum values are 



where n± = 0, 1, . . .. Every such a level in subcritical case e+e_ = -|-1 has a finite degeneration 
equal to + 1, where 

j< =i(n++n_), (8.8) 

and corresponding energy eigenstates are characterized by the quantum numbers n_|_ and n_ laying 
on the straight lines restricted by vertical and horizontal axes, see Figure 2. The so(3) ladder 
operators given by Eq. (j7.14p act along these lines. On the line with n_|_ -|- n_ = 2j^ , the so(3) 
Casimir operator Cso{3) = -^i + -^1 + -^1 takes a value j<(j< + 1). 

In supercritical phase e+e_ = — 1, and constant energy levels correspond to the dotted straight 
lines n+ — n_ = const on Figure 2. The so(2, 1) ladder operators (|7.15p act along them. Every 
energy level is infinitely degenerated, and the so(2, 1) Casimir operator Cso(2,i) = -^i +-^1 ~ -^1 takes 
a value ~ !)> where 

j; =l(|n+-n_| + l). (8.9) 
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: E=const, 
|i+|i->0 

: E=const, 
|i+|i-<0 




Figure 2: Constant energy levels. 



Every such a straight hne corresponds to the infinite-dimensional half-bounded unitary repre- 
sentation of so{2, 1) algebra, on which the so{2, 1) compact generator I3 takes the values is = 



e+|(n_|_ -|- n_ -|- 1). This can be presented equivalently as 13 = e+(i> -|- fc), where k 



71- 



0,1,... 



for n+ > n_, and k = n+ = 0, 1, . . . for n_ > n_|_ . Therefore, we have here the so called discrete 
series of representations (for e+ = -|-1) and DJ (for e+ = — 1) of SL{2,R) in terminology of 
Bargmann |26j . 

We conclude that the duality transformation (jS.ip provokes a mutual change of compact, so(3), 
and noncompact, so(2,l), symmetries in accordance with Eq. (j7.13p . This is accompanied by a 
radical change of the energy degeneration from the finite to the infinite, or inversely. 

9 Wave equations 

Here we shall quantize the system using the method of Gupta-Bleuler, that will allow us to con- 
struct the set of wave equations realizing the exotic Newton-Hooke symmetry. Using them, in 
the next Section we shall identify corresponding projective phases associated with Newton-Hooke 
translations and boosts transformations. 



9.1 Chiral basis 

Let us choose two complex linear combinations of the constraints ()5.14l) . (IS.lSh such that 

• they would commute between themselves, 

• at the quantum level they would have a nature of annihilation operators having nontrivial 
kernels, 

• their set would be consistent with dynamics, i.e. their commutators with Hamiltonian would 
be proportional to the chosen combinations of the constraints. 

Then at the quantum level these linear combinations will separate a physical subspace of the system. 
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In correspondence with the structure of the brackets of the chiral constraints (j5.14p . (|5.15p . for 
7^ 1 it is necessary to distinguish four cases in dependence on the signs of fi±. For > 0, 
fi- > 0, the suitable choice of the linear combinations of the constraints is 

xt + ixt-0, Xr-%~0- (9-1) 
In coordinate representation they transform into quantum equations 

+ ^ = 0, (a^- + ^z-) ^ = 0, (9.2) 

where 9^+ — d/dZ'^, dz- = d/dZ^ , and we have introduced two independent complex chiral 
variables 

Z+ = xt + iX^, Z- = + iX^ . (9.3) 
The dynamics is given by the Schrodinger equation 

(^idt - i {z+dz+ - z+dz+ - z-dz- + z-dz^)^ ^ = o, (9.4) 

where the linear differential operator in complex chiral variables is a quantum analog of the total 
chiral Hamiltonian ()5.2ip . Eqs. (|9.2p and (|9.4p represent the set of wave equations for our particle 
system with exotic Newton-Hooke symmetry. 

The solution of the quantum equations (j9.2p is 

%hys = exp [-^\Z+\' - ^{Z+,Z-). (9.5) 

The action of the Hamiltonian and angular momentum operators on the states (|9.5p is reduced to 

H^phys = ^M-)^ {Z+dz++Z'dz~) i^{Z+,Z'), (9.6) 

J^phys = ^M-)^ {Z+dz+ - Z-dz-) m^,Z-). (9.7) 

The energy and angular momentum eigenfunctions are given by the states (19. 5p with monomial 
wave functions ^jj{Z~^ , Z~), 

which correspond to the energy and angular momentum eigenvalues En+^n- = ^{n^+n^), jn+,n- = 
n+ — n_. Note that a simple quantum shift in energy [equal to — -^^j ^ = 1] in comparison with the 
reduced phase space quantization scheme is related to our choice of the normal quantum ordering: 
here we take a Hamiltonian operator corresponding to the classical expression (|5.2ip . 

These results are in a complete correspondence with reduced phase space quantization scheme 
[up to inessential shift in energy], and what we get here is the holomorphic representation for the 
2D oscillator system. 

The quantization scheme is generalized directly for other three cases of the signs e+ and e_ of 
the parameters fij^ and The wave equations separating physical states are given by the linear 
combinations of the constraints xf ^^'^ Xi"; 

{xt + ie+xt) ^ = 0, {xi - ie-X2) ^ = 0- (9.9) 



18 



In the table we summarize all the cases. 



Phase 


£+, e_ 


m, K 


Constraints 




< 1 
p2 < 1 
p2 > 1 

p2 > 1 


+1,+1 
-1,-1 

+1,-1 
-1,+1 


m > 0, \k\ < mR 
m < 0, K < mR 
—CO < m < oo, K > \m\R 
—oo < m < oo, K < \m\R 


Xi +'i'Xt^ Xi 
xt - ixt^ Xi +iX2 
xt +ixt^ Xi +iX2 
xt -ixt^ Xi -iX2 


ilj{z+,z-) 



Corresponding solutions describing physical states have a form similar to (|9.5p . 

^phys = exp f-M|^+|2 _ \l^\Z-A •), (9.10) 



with the arguments of the function ij: specified in the table. The action of H and J on these 
states has a form similar to ()9.6p , (j9.7p : they are reduced to the sums of two first order differential 
operators in variables corresponding to the arguments of the function .). The signs appearing 
before the operators are indicated on Figure 1, and they correspond to the signs in Eq. (j7.9p . In 
analogs of functions (|9.8p . parameters p,± are changed for their absolute values. The scalar product 
is defined in all the cases with a measure 

(27r)2 12 12 



With respect to such a scalar product wave functions of the form (j9.5p . (j9.8p represent an orthonor- 
mal basis in the physical subspace of the system. 

In the critical phase we have /i+ = 0, or /i_=0, and in accordance with classical picture one of 
the quantum complex equations specifying physical states is changed for 

:^' = 0, or ^^- = 0. (9.11) 



dx+ dx; 



The corresponding mode X~^ or X^ completely disappears from the theory, and we get a one mode 
oscillator in holomorphic representation. 

Note that the quantum equations (19. 9p specifying here the states of the physical subspace have 
a sense of complex polarizations for the 2D oscillator treated within the framework of geometric 
quantization method [STj, while equations in (|9.1ip have a nature of real polarizations. 

9.2 Wave equations in non-chiral basis and flat limit 

Wave equations and physical states in the non-chiral basis can be directly obtained from those in 
the chiral basis with taking into account a phase (unitary) transformation associated with total time 
derivative shift (j3.9p . For example, in supercritical phase characterized by = —1, physical 

wave functions have the form 

-i/phys = exp ( — ^ ['"i ^ j ~ y ^^i^'^i + *y ^i^i 1 + t£+X2,vi + ie+V2,t). (9.12) 
They satisfy the constraint wave equations 

{Vi+ie+V2)'^{x,v,t) =0, {Ui+i£+n2)^{x,v,t) =0, (9.13) 
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where Vi and Ilj are given by (|5.ip . (|5.2p . and we assume here that pi = —id/dxi and vrj = —id/dvi. 
The dynamics is given by the Schrodinger equation 




in which, in accordance with consistency relations (j5.7p . total Hamiltonian (|5.6p plays a role of a 
quantum Hamiltonian. 

With taking into account relations (j5.17p . there is the following correspondence between non- 
chiral, (f5?T]) . ([5?2]) . and chiral, (I5.14|) . (I5.15p . constraints, 

Vi ^ {xt + xi), n, ^ i?e,,-(x7 - ^/)- (9-15) 

This shows that equations (j9.13p are linear combinations of the quantum chiral constraints (j9.9p 
with = — 1. 

In a similar way, one can write down wave equations and physical states in non-chiral basis for 
sub-critical phase where = 1. However, from the viewpoint of the flat limit i? — > oo (which 

can be taken in a subcritical phase only), quantum constraint equations (j9.9p are not suitable as 
a starting point. The reason is that in subcritical case constraints ()9.9p have different signs in left 
and right modes, see Eq. ()9.ip for £4. = e_ = 1. As a consequence, there is no linear combination of 
these complex constraints which in the flat limit would give two independent constraint equations. 
To find such a suitable set of complex constraints, it is more convenient to proceed directly from 
non-chiral classical constraints (j5.ip and (|5.2p . For a sake of definiteness we put k > 0, and so, 
e+ = e„ = 1. Linear combination Hi -|- ili2 at the quantum level has a nontrivial kernel, and can 
be chosen as one of the sought for quantum constraint equations, 

(Hi -^^2)^' = 0. (9.16) 

To fix another constraint, let us take a linear combination of Vi and Hj, 

~ m K m / K \ 

Vi = Vi- —eijilj =Pi + - —^ij [^j - 2^jkVkj , (9.17) 

which is decoupled from the constraints Hj in the sense of brackets, 

{Vi,Uj} = 0, (9.18) 
{V,V,} = -^il-p')eij. (9.19) 

Relations (j9.18p . (j9.19p mean that linear combination is a Dirac extension of Vi with respect 
to the second class constraints Hj ~ [cf. Eq. (I9.19|) with Dirac brackets ()5.1ip ]. According to 
()9.19p . at the quantum level linear combination Vi — iV2 has a nontrivial kernel (it is of a nature of 
annihilation operator), and quantum constraint ()9.16p can be supplied with the wave equation 

(Vi-iy2)^ = 0. (9.20) 

Eqs. (15. 7p give the following Poisson bracket relations for the total Hamiltonian (15. 6p with the 
chosen combinations of the constraints 

777 ~ ~ 

{H,Ui + iU2} = -i-{Ui + iU2) + {Vi + iV2), (9.21) 

K 

2 

{H,v-iV2} = -i-(yi-iV2) + ^(i-p')(ni-m2). (9.22) 
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On the right hand side, there appear complex conjugate combinations of the chosen constraints. 
This means that the quantum dynamics generated by the Schrodinger equation with the total 
Hamiltonian taken as a Hamiltonian operator would be not consistent with quantum constraints 
(j9.16p . (19.201) . One can overcome this obstacle if we pass from the total Hamiltonian to the corrected 
one, H ^ H, hj adding the terms quadratic in the constraints, 

H = H- -CijU^Vj + -^(Hi - m2)(ni + iU2) + —— — 2-(Fi + iV2){Vi - iV2). (9.23) 

The corrected Hamiltonian commutes strongly with all the constraints Hj and Vi, and, in particular, 
with the chosen complex linear combinations of the constraints. Then the Schrodinger equation 

idt- h)^ = (9.24) 



will be consistent with quantum constraints (j9.16p . (|9.2U|) : physical state satisfying the quantum 
constraint equations at t = will also satisfy them for any t > 0. Note that due to commutativity of 
the corrected Hamiltonian with the constraints, it is a Dirac extension of the canonical Hamiltonian 
with respect to the set of all the four second class constraints. 

We do not display an explicit form of the physical states satisfying quantum equations (j9.16p . 
()9.20p . but instead let us discuss the flat limit of the system. For i? — > oo, Lagrangian (j3.5p reduces 
to Lagrangian of a free particle on the non-commutative plane, 

1 

Cnc = mviXi - my + -KeijViVj. (9.25) 

System (I9.25P has an exotic Galilei symmetry given by Eqs. ()2.10p — p.l4p with R = oo. On 
the reduced phase space the system is described by a symplectic structure with noncommutative 
coordinates, 

{xi,Xj} = {xi,Pj} = Sij, {pi,Pj} = 0, (9.26) 

and by a free Hamiltonian 

H* = ^pI (9.27) 

which are the flat limits of (j5.12p and (|5.13p . 

On the other hand, constraints (I9.16p . ()9.20p and Schrodinger equation ()9.24p in the flat limit 
reduce, respectively, to 

^ + 'lv+^-i'{x,v,t)=0, (9.28) 

d m m d \ ^ , . , , 

t—v--i—- — ] {x,v,t) = 0, (9.29) 



dx+ 4 K dv^ 

where we use the notations x± = xi i: ix2, v± = vi i: if 2. General solution to the constraint 
equations is 

"^phys = exp (^-'^v+vJ^ V - ^~^+'^-'*) ' {9.31) 
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and a general solution to the Schrodinger equation being an eigenstate of the momentum operator 
with eigenvalue p can be presented in the form 



^'p-(2;,t.,t) = exp(^-- + t + ipa; + --p„t;+j , (9.32) 



where p- = pi — ip2- A specific dependence on Vi guarantees a normalizability of the state (j9.32p in 
velocity variables. Note that Eq. (|9.16p can be presented in the form (ai — 02)^' = 0, where ai,2 are 
the annihilation operators constructed in terms of f 1^2 and their derivatives. Hence, this equation 
means that physical states correspond to ni = n2, where rii, 77-2 are the eigenvalues of the number 
operators A'^i = ajoi and A'^2 = ^2^2) i-e. physical states have a definite "circular polarization" 
in velocity variables. At k = wave function (j9.33p turns into a planar wave of an ordinary free 
planar particle. 

In conclusion of this section we find a relation of the state (j9.33p with wave function of the 
free exotic particle in Fock space representation [16]. In Fock space representation approach, we 
first eliminate at the classical level momenta vTj and then quantize proceeding from the symplectic 
structure given by Eq. (IS.lOp . The physical subspace is given in this case by the equation 

d \ 

-2i- mv- W = 0, (9.34) 

0x4- 



where [v-,v^] = ^. We realize v± by oscillator operators, V- = V2k ^ a, v+ = (f-)^ [a,a^] = 1, 
decompose the state in terms of velocity number operator eigenstates, 

00 

^ = Y,Mx)\n), (9.35) 

n=0 

and find that for physical states all the components with n > 1 can be represented in terms of 

^n = {-lT{'iY ^r-] 00, (9.36) 



■2/ V rn 

where p- = — 2z9/9x+, see Eq. (3.6) in [16j. Having in mind a correspondence between the Fock 
space and holomorphic representations, 

t d ^ ^ 1, ,2A / N 

o' z, a ^ — , \n) <-> exp I — -p] —i=., (9.37) 
dz \ 2 J y/n\ 

where z is a complex variable, we identify = \j\z, and decompose 

exp [\-p_v+] (9.38) 

in the Taylor series. As a result we find that physical state ()9.32p is equivalent to the state (j9.35p 
with (f)n given by (|9.36p . Note that in accordance with Eq. (j9.34p . the state (j9.35p . (|9.36p is a 
coherent state of the velocity annihilation operator {)_ with operator- valued eigenvalue ^P-, and 
in the wave function (|9.32p it is the factor (|9.38p that reflects such a nature of a physical state. 
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10 Projective phase and two-cocycle 

Here we compute a projective phase corresponding to the exotic NH3 symmetry. This phase is 
related to the non-trivial two-cocycle of the exotic NH3 group. The two-cocycle can be computed 
by direct calculation, or from the quasi-invariance of our particle Lagrangian under translations 
and boosts [281 [291 [30] . Its presence guarantees the invariance of the wave equations. 
Consider a unitary operator 

U{a,P) = expi{aiPi - PiKi) (10.1) 

in the non-chiral basis, where Pi and Ki are implied to be quantum analogs of the classical integrals 
(j6.30p . Using the commutation relations (j2.13p and (|2.14p and e"^e^ = g^+^eal^'^l, valid for any 
operators A and B satisfying a relation [A, S]] = = 0, we obtain the following 

composition law 

U{a, P)U{a', 13') = e-^^2(a,P;a' + a',P + (10.2) 
where a nontrivial phase factor is equal (modulo 27rn, n G Z) to 

- uJ2ia, P; a' ,13') = (^etj {^otia'j + (3if3'^ + m{ail3'i - Aa-)^ . (10.3) 

A direct calculation shows that (jl0.3p satisfies a zero coboundary condition, 

Auj2 = ^2(52, 53) -'^2(51 52, 53) +^2(51, 5253) -'^2(51,92) = 0, (10.4) 

which guarantees the associativity of the product (jl0.2p . Here gi, 52 mean group elements, which 
in our case are characterized by the sets of parameters {ai,Pi), (a^,/?^'), with a composition law 
9192 (tti + Oi'j^, Pi + 13'^). Therefore a'2(o, /?; a' , (3') is the two-cocycle of NH3 group. 

Now let us consider the action of the unitary operator (jlO.ip on coordinates Xi,Vi. In corre- 
spondence with (j6.ip . (j6.2p . it generates the NH translation and boost transformations. 



X. 



'. = UxiU~^ = Xi + RAi{t), v'i = UviU-^ = Vi + Bi{t), (10.5) 



where we have introduced a compact notation for a rotation in a 'plane' {^ai, f3i) of dimensionless 
parameters, 

Ai{t) = ^ai cos R'^t + Pi sin R'^t, Bi{t) = Pi cos R'^^t - ^ai sin R~H, (10.6) 
R R 

Ai{0) = ^ai, Bi{0) = Pi. In terms of (fTITH]) . we have 

aiPi - PiKi = A{x, v; a, P) + B{p, tt; a, p), (10.7) 
where we have separated the coordinate and momenta depending parts, 

A{x, v; Q, P) = -mBi{t)xi - '^eij {R^^Ai{t)xj + Bi{t)vj) , 

B{p,Tr;a,P) = RAi{t)pi + B,{t)ni. (10.8) 

As a result, the action of (jlO.ip on a wave function can be represented in a form 

^(x, V, t) = U{a, p)^{x, V, t) = e-*^i(^''''*;"'/5)^(x', v' , t), (10.9) 
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where x' and v' are given by Eq. (jlO.Sp . and a phase uj\ is given (modulo 27rn, n G Z) by 



a;i(x,w,i;a,/3) = mBi(t) + ^iiA(i)^ + ^^'j (A(t)a;j + RBi{t)vj) 



(10.10) 



(jji{x,v,t; a, f3) is the real-valued one-cocycle, projective phase, of NH3. 

Prom (jl0.2|) and (jlO.Op we can see the two-cocycle (|10.3p can be written in terms of the projective 
phase (fTOlB . 

UJ2{gi,g2) = AcJi = LOi{q3^;g2) +uji{q;gi) - wi(g; 5152), (10.11) 

where q means the set {xi,Vi,t), and q^ = gq means an application of g to coordinates q, that in 
our case corresponds to {x[,v'^,t') with t' = t and transformed coordinates (jlO.Sp . 

The projective phase is also associated with quasi-invariance of Lagrangian with respect to 
corresponding classical symmetry transformations, see [30j. A direct check shows that in our 
case under classical symmetry transformation of the form (110. Sp . the nonchiral Lagrangian (|3.5p 
transforms as ^ 

jC'n^ = J0nc + Sjl^nc, 5Cnc = -^{'^i{x,v,t]a,l3)) . (10.12) 
In the flat limit R ^ oo (jlO.lOp reduces to 

1 K 

uJi{x, V, t; a, P) = mPiXi + -m0ft + -ajPiVj. (10.13) 
The 2-cocycle in this case is 

-u;^ia,p;a',p') = [ne^^M'^ + m{ail3[ - f3ia'^) . (10.14) 



In the same way one can compute a projective phase in the chiral basis. It appears under the 
action of the (chiral) analog of the unitary operator (jlO.lj) on a chiral wave function, 

§(X+,X-,t) = Uch{a,l3)^{X+,X-,t) = e-^'^i(^^'^"'*'"'^)^(X+',X-',t), (10.15) 

Oji{X+,X-,t;a,f3) = -i/i+eyX+a+(t) + i^_e,jXraT(t). (10.16) 

Here oif{t) are defined by Eq. (j6.10p and the translation and boost generators are constructed 
according to (j6.13p . The transformation (jlO.Sp is changed in the chiral variables as in (j6.9p . As in 
the non-chiral case, for the chiral formulation the time-dependent shift symmetry of the coordinates 
under translation and boost transformations (|6.9p produces a change in the chiral Lagrangian (|3.8p , 
which is given by the projective phase 

4h = /:ch + ^cDi(X+,X-,t;a,/3). (10.17) 

A computation of the two-cocycle on the basis of the Baker-Campbell-Hausdorff formula gives 
the same result as in the non-chiral formulation (jl0.3p since it is based on the same exotic Newton- 
Hooke algebra, and in particular, on the same commutation relations (j2.13p and (j2.14p . The 
identity of the two-cocycles in both formulations can also be understood from the point of view of 
the canonical transformation associated with a total time derivative difference p.9p between the 
two forms of Lagrangians. Indeed, in correspondence with classical relation (13. 9p . the projective 
phases in chiral and non-chiral formulations are related as 

ui- uji = p{x, V, t; a, /?) = -^m(a;-?j- - XiVi) = {Ai{t)vi + Bi{t)xi + Ai{t)Bi{t)) , (10.18) 
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where x'^ and v'- are given in Eq. (jlO.Sp . The difference is a real valued trivial one-cocycle of the 
form /(g^')- /(g). 

Finally, let us note that canonical transformation (j5.17|) is behind the following relation between 
the chiral and non-chiral forms of the unitary operator (llO.ip . that represents NH translation and 
boost transformations, 

C/ch = e-*''(^'^'*'"'^)i7„e, (10.19) 
where p{x,v,t; a, (3) is defined in ([lO.lSp . 

Let us consider now the covariance of the wave equations we have introduced. They can be 
written as 

Va^{q,t)=0, (10.20) 

{idt-H)^{q,t)=0, (10.21) 

where q denotes coordinates Xj, Vi or , for the non-chiral or chiral formulation, (jl0.20p is 
a set of two quantum constraints, whose form depends on the phase we consider, and quantum 
Hamiltonian H is adjusted with them. The invariance of the theory under time translations is 
obvious, and since for any quantum constraint [J, I^a] oc Da, the rotation invariance is obvious too. 
Analogous conclusion is valid for additional symmetry associated with integrals Ii, l2- Futher, 
since operators Pi and Ki commute with quantum constraints, wave equations (110. 20p are invariant 
under NH translations and boosts transformations. Finally, in correspondence with a classical 
relation dVi/dt + \Vi,H} = 0, Fj = Pi,Ki, at the quantum level operator pO.ip commutes with 
the operator idt — H. Therefore, we have 

{idt - H)^{q, t)=0, {idt - H)U^{q, t) = {idt - -H')e-*^i('?'*'f)^(g9, t) = 0, (10.22) 

i.e. the transformed wave function (110. 9p or (110. 15p becomes the solution of the Schrodinger equa- 
tion. 

Summing up, the projective phase guarantees the covariance of our wave equations. 



11 Discussion and outlook 

Duality transformation (jS.ip . p = — > which relates sub- and super-critical phases of the 
model, can be reinterpreted kind of T-duality, 

R^(-) p. 11.1 

Then the exotic Newton-Hooke particle in the sub- (super-)critical phase characterized by the 
parameters m, k and R with < 1 {p^ > 1), can be related in a unique way to the same system 
in the super- (sub-) critical phase with inverse value of the radius parameter given by Eq. (|ll.ip . 
Such a correspondence implies the dual relation (j8.2p between Hamiltonian and angular momentum 
of the both systems, as well as the duality relation (j8.3p between Newton-Hooke translations and 
boosts, or the duality (j8.5p for the chiral generators. It also implies the change of associated 
additional symmetry, that defines the degree of degeneration of energy levels, from the compact, 
so(3) (p^ < 1), to the non-compact, so(2,l) (p^ > 1), one. 

In our system, the duality relates different sectors corresponding to different values of the model 
parameters. The parameters m and k can be promoted to be dynamical variables if we treat them 
in Lagrangian (j3.4p as momenta canonically conjugate to variables c and c. As a result, different 
phases of the model will be realized in different parts of the extended phase space. Note that this 
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phenomenon is similar to that observed earher in Lovelock gravity [31] and higher dimensional pure 
Chern-Simons theories [32j . 

We analyzed the 'trigonometric' (periodic) case of the (2+l)D exotic Newton-Hooke symmetry. 
The results can be translated in a simple way for the 'hyperbolic' case of the exotic NH3, which 
appears under contraction of dSs [11[5]- The dS^ algebra follows from AdSs algebra (|2.4P "( (j2.8p via 
a simple substitution —B?. A corresponding Lagrangian can be obtained from our non-chiral 

Lagrangian (13.50 via the same substitution. As a result, in analog of relation (15. 4|) that characterizes 
the algebra of constraints, the quantity — p^)^ will be changed for m^(l + p^)^. Therefore, 

in hyperbolic case the constraints form the set of second class constraints for any choice of the 
parameters m and k, and corresponding exotic Newton-Hooke system has only one phase. 

The chiral Lagrangian ()3.8p with the changed signs before the potential terms for both chiral 
modes corresponds to such a case. Since the existence of different phases is rooted in the properties 
of the constraints, which all are the primary constraints defined by a kinetic part of Lagrangian, 
the hyperbolic case is characterized by the same set of phases related by a duality transformation. 

To conclude, let us list some open problems to be interesting for further investigation. 

We analyzed here the exotic Newton-Hook symmetry in 2+1 dimensions proceeding from non- 
relativistic contraction of AdSs. The reduced phase space description of the model reveals a sym- 
plectic structure similar to that of Landau problem in a non-commutative plane. The latter system, 
as a present one, also reveals sub- and super-critical phases separated by a critical phase. There- 
fore, it would be natural to investigate the noncommutative Landau problem pL7j in the light of 
the exotic Newton-Hooke symmetry |33j . 

One could expect that if we construct a Lagrangian for a relativistic particle on AdSs space 
by the method of nonlinear realization, in appropriate non-relativistic limit it should reduce to 
the model investigated here. Therefore, the interesting question is what would correspond in a 
relativistic model to the present sub-, super- and critical phases, and what would be the analog of 
the duality transformation there? 

It would be interesting to generalize the exotic Newton-Hooke particle model for the supersym- 
metric case. Since in our bosonic model in super-critical case Hamiltonian is not positively definite, 
one could expect the appearance of some restrictions on the domain of the model parameters in 
the context of supersymmetric extension. 

There are some indications that the investigated model should have a close relation to the 
physics of BTZ black hole. Indeed, the AdSs structure underlies the BTZ black hole [M], which 
also reveals different phases in dependence on the values of its mass and angular momentum. The 
chiral form of our Lagrangian (j3.8p is reminiscent of the Lagrangian in Chern-Simons formulation of 
3D gravity [35^ I36j. If such a relation really exists, it would be interesting to clarify, in particular, 
what in BTZ black hole physics should correspond to the duality of the exotic Newton-Hooke 
particle system. 
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12 Appendix 

In this appendix we compute the non-trivial Eilenberg-Chevahey cohomology for the Newton-Hooke 
group in 2+1 dimensions. The unextended Newton-Hooke algebra [Hl^ is given by 

[H,J]=0, (12.1) 

[H,Ki] = -iPi, [H,Pi] = i^K,, (12.2) 

[J, Pi] = i€ijPj , [J, K,] = i€ijKj , (12.3) 

[K„Pj] = [Ki,K,]=0, (12.4) 

m,Pj]=0. (12.5) 

Consider a group element 

where is a local coordinate on S^. The Maurer-Cartan one-form is given by 

= -ig^^dg = -LhH + L'pP, + L^K^ + LjJ, (12.7) 

where 



^^2 - 2^ij 
They are expressed locally as 



V? , n XT 



{12.i 



with R^A9) = ( sinO \ S0(2) rotation. 

y — sm cos a J 

There are two closed rotation-invariant two-forms, 

= A L*p, dn2 = 0, (12.9) 



dOa = 0. (12.10) 



= dQi, Qi = v'dx' - - ^ dx^, (12.11) 

2 2it^ 

^2 = dhi, ni = ^Cij (^v'dv^ + -^x'dx^ - -^x'v^dx^^ . (12.12) 

The one- forms fli and Qi are not left-invariant. 

There is also a third closed rotation-invariant form, 

n2 = LHALj, dn2 = 0, (12.13) 

which is expressed locally as 

n2 = dni, ni = edx^. (12.14) 
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The one-form Cli is not left-invariant either. Therefore the Eilenberg-Chevalley cohomology of de- 
gree 2 is non-trivial. This implies that the Newton-Hooke algebra has a three-fold central extension 



[H,J] = Z. (12.15) 



[P^^PJ] = -il^^^,Z, (12.17) 



[Ki, Pj] = i6ijZ, [Ki,Kj] = -icijZ, (12.16) 

1 

However, we neglect the extension associated with the central element Z. Such a three- fold exten- 
sion of NH3 algebra cannot be obtained by a contraction of AdSs, cf. Eq. (|2.4p and (|12.15p . In the 
presence of the third central element Z, the unique Casimirs of the algebra are the three central 
elements, and so, H and J cannot be presented in terms of the boosts and translations generators, 
see \10\ [5]. The third algebra extension does not give any non-trivial contribution to our exotic 
particle Lagrangian [37]. Therefore, we put Z = 0. 

Then, another implication of the non-trivial cohomology is that we have two Wess-Zumino 
terms, 

Si = j ^l, j {12.1^) 

whose linear combination describes the exotic particle dynamics; here * means a pullback on the 
world-line of the particle. 
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